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Abstract
We present a pedagogical introduction to NRQED (non-relativistic quantum electro-
dynamics). NRQED is an effective field theory that describes the interaction of non-
relativistic, possibly composite, spin-half particle with the electromagnetic field. We
explain in detail how the NRQED Lagrangian is constructed up to and including order
1/M2, where M is the mass of the spin-half particle. As a sample application, we derive
the Thomson scattering cross section for the low energy scattering of a photon and a
possibly composite spin-half particle.
1 Introduction
Non-relativistic quantum electrodynamics (NRQED) is an effective field theory that describes
the interaction of a non-relativistic spin-half particle, possibly composite, with the electro-
magnetic field. NRQED was first introduced in a paper by Caswell and Lepage [1] but its
origins can be traced to the early days of quantum mechanics. Indeed, a standard course in
non-relativistic quantum mechanics [2] often discusses the fine structure of hydrogen by intro-
ducing perturbations such as the spin-orbit coupling (S · L), the Darwin term (δ3(r)), and
the relativistic correction (p4). These correspond to terms of order 1/M (ψ†σ ·Bψ), 1/M2
(ψ†[∂ ·E]ψ), and 1/M3 (ψ†D4ψ), in the NRQED Lagrangian, respectively1.
The original paper [1] has many citations. Since this introduction is not meant as a
comprehensive review, we will mention only a few relevant for our discussion. In a paper by
Kinoshita and Nio [3] the Feynman rules up to order 1/M2 (and some of the 1/M3 terms)
were presented. The full 1/M3 terms in the NRQED Lagrangian were presented in a paper
by Manohar [4]. Also, the Wilson coefficients of the 1/M3 operators that contain one-photon
coupling were calculated, for the case of a point particle, to one-loop order [4].
NRQED has been traditionally applied to point particles such as electrons and muons.
Most of the applications of NRQED have focused on bound states of such particles. In the
point particle case we know the full theory, QED, and the calculation of the Wilson coefficients
is done in perturbation theory. But NRQED can also be used to analyze the interaction of
spin-half particle that is not elementary [5]. The same NRQED Lagrangian is used, but the
Wilson coefficients are calculated non-perturbatively. For example, NRQED can provide a
rigorous framework to analyze proton structure effects in systems like regular and muonic
hydrogen [5]. In [6] the 1/M4 terms in the NRQED Lagrangian were presented and their
Wilson coefficients were calculated.
The purpose of this paper is to demonstrate how the NRQED Lagrangian is constructed.
We will use general effective field theory arguments and will not assume that the spin-half
field is elementary. The remainder of the paper is structured as follows. In section 2 we
present the construction of the NRQED Lagrangian up to and including order 1/M2. We
explain how the Wilson coefficients are determined and their relation to the particle’s charge,
magnetic moment, and electric charge radius. We also comment on the relation between Heavy
Quark Effective Theory (HQET) and NRQED. In section 3 we present a sample application,
the calculation of the Thomson scattering differential cross section for photons off a spin-half
particle. The result is familiar from classical electrodynamics and from the low energy limit
of Compton scattering, but our derivation does not assume a spin-half point particle. We
present our conclusions in section 4.
1The fine structure is calculated in quantum mechanics as a perturbation is α, not in 1/M , hence the
mixture of terms of different orders in 1/M .
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2 Construction of the NRQED Lagrangian
2.1 General considerations
The NRQED Lagrangian describes the interaction of a spin-half non-relativistic field with an
electromagnetic field. Since it is not manifestly Lorentz invariant2, the Lagrangian can depend
separately on the spatial (Ai) and temporal (A0) components of the electromagnetic field. The
Lagrangian is gauge and rotational invariant, Hermitian, and even under parity (P ) and time
reversal (T ). We discuss each property separately.
Gauge invariance: As a reminder, the relation between the electricE and magneticB fields
and the vector potentialA and the scalar potential A0 isE = −∂A/∂t−∇A0 andB =∇×A.
The electric and magnetic fields are invariant under the transformations A→ A′ = A−∇θ,
A0 → A′0 = A0 + ∂θ/∂t, where θ is an arbitrary function of r and t. These are the time and
space components of the Lorentz covariant gauge transformation Aµ → A′µ = Aµ + ∂µθ. To
enforce gauge invariance we define Dt = ∂/∂t + ieA
0, and D =∇− ieA. These are the time
and space components of the covariant derivative Dµ = ∂µ+ieAµ. We assume
3 that the field ψ
has a charge e. Under a gauge transformation ψ → eieθ(r,t)ψ. As a result, Dtψ → e
ieθ(r,t)Dtψ
and Dψ → eieθ(r,t)Dψ, i.e. Dtψ and Dψ transform like ψ under a gauge transformation. We
will construct the Lagrangian using these covariant derivatives. The physical meaning of the
operators is often clearer if we express them in terms of the electric and magnetic fields. The
electric and magnetic fields are related to the covariant derivatives by Ej = (−i/e) [Dt, D
j]
and Bi = ǫijk (i/2e) [Dj, Dk]. In constructing the Lagrangian we will use only the covariant
derivatives, but we will often express various terms using the electric and magnetic fields.
Rotational invariance: Three-vector objects such as D, E, B, and σ, the Pauli matrices, are
contracted with δij and ǫijk thus enforcing rotational invariance.
Hermiticity: Hermiticity is enforced by using the Hermitian operators iDt and iD as building
blocks and forming Hermitian combinations from products of these building blocks.
Parity: Since both ∇ and A are parity odd, iD is parity odd. Since both ∂/∂t and A0 are
parity even, iDt is parity even. The electric field E is parity odd while the magnetic field
B is parity even. Finally, σ is parity even. In the following we will use only parity even
combinations of these objects.
Time reversal: Since both i∇ and A are odd under time reversal, iD is odd under time re-
versal. Since both i∂/∂t and A0 are even under time reversal, iDt is even under time reversal.
The electric field E is even under time reversal, while the magnetic field B is odd under time
reversal. Finally, σ is odd under time reversal. In the following we will use only time reversal
even combinations of these objects.
We can summarize the transformation properties above in the following table:
2The fact that the entire Lagrangian is Lorentz invariant implies relations between the Wilson coefficients,
see [4, 7, 6].
3For a neutral spin-half particle see [6]
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iDt iD E B σ
P + − − + +
T + − + − −
As a result, P and T invariance imply that we can only have even number of iD’s, but any
number of iDt’s, when using the covariant derivatives as building blocks. We can use only one
σ, since σiσj = δij + iǫijkσk.
In constructing the NRQED Lagrangian we assume that field redefinitions are made such
that apart from the first term no factors of iDt are acting on the fermions. In other words,
iDt appears only in commutators. We will demonstrate this explicitly below.
Ignoring four-fermion operators for now, the NRQED Lagrangian is of the form
L =
∑
n
ψ†
On
Mn
ψ, n = 0, 1, 2, . . . ,
whereM is the mass of the fermion, e.g. electron, proton etc. Each On is built out of covariant
derivatives and their commutators, the electric and magnetic fields. The mass dimension of
ψ is 3/2 and as a result the mass dimension of each On is n + 1. Note also that the mass
dimension of σ, the covariant derivatives iD and iDt, and the electric and magnetic fields are
zero, one, and two, respectively.
2.2 Construction of the leading power term
The leading order term is of the form ψ†O0ψ. Since the dimension of O0 is one, we can only
construct it from one covariant derivative. iD can only appear as σ · iD which is ruled out
by parity, so we can only use iDt. Thus we have a unique
4 leading power term, ψ†iDtψ. We
can normalize the coefficient of this term to be 1, so we have
L = ψ†iDtψ + · · · . (1)
2.3 Construction of the 1/M terms
For the 1/M suppressed terms O1 has dimension two. We can have two iDt’s, or two iD’s.
Terms that contain one iDt and one iD are ruled out by parity.
Consider the first possibility, i.e. we have a term of the form c ψ† (iDt)
2 ψ/M in the
Lagrangian, where c is a real constant. If we redefine ψ via ψ → ψ−c iDtψ/2M , the Lagrangian
changes as
ψ†iDtψ +
c
M
ψ† (iDt)
2 ψ →
(
ψ −
c
2M
iDtψ
)† (
iDt +
c
M
(iDt)
2
)(
ψ −
c
2M
iDtψ
)
=
= ψ†iDtψ −
c
2M
ψ†(iDt)
2ψ −
c
2M
ψ†(iDt)
2ψ +
c
M
ψ†(iDt)
2ψ +O
(
1
M2
)
=
= ψ†iDtψ +O
(
1
M2
)
,
4A “mass” term of the form Mψ†ψ can be eliminated using (1) and the field redefinition ψ → eiMtψ. The
removal of the mass term is necessary to get a well defined power counting in 1/M.
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eliminating the 1/M term [4]. Notice that for any Hermitian operator O, ψ† (iDtO +OiDt)ψ
can be eliminated by an analogous field redefinition.
Given two Hermitian operatorsA and B we can form two Hermitian combinations AB+BA
and i(AB − BA). Similarly we can form two Hermitian operators iDiiDj + iDiiDj and
iσk [iDi, iDj]. We have to introduce σk in the latter term to make it T -even. For the same
reason we cannot multiply the former term by σk. The first combination has two indices
and can only be contracted with δij , giving us the operator ψ†D2ψ. The second has three
indices and must be contracted with ǫijk, giving us the operator iψ†ǫijkσk [iDi, iDj]ψ, which
is proportional to ψ†σ ·Bψ.
Allowing for arbitrary coefficients the NRQED Lagrangian up to order 1/M is
L = ψ†
(
iDt + c2
D2
2M
+ cF e
σ ·B
2M
)
ψ + · · · . (2)
The subscript F in cF stands for “Fermi”. The (hidden) Lorentz invariance of the Lagrangian
implies that c2 = 1 [4, 7, 6]. To determine cF we need information concerning the one-photon
interaction of the spin-half particle. Such an interaction can be parametrized by the Dirac
and Pauli form factors, F1 and F2, respectively, defined by [8, 9]
〈ψ(p′)|Jemµ |ψ(p)〉 = u¯(p
′)
[
γµF1(q
2) +
iσµν
2M
F2(q
2)qν
]
u(p) ,
where q2 = (p′ − p)2. To calculate the Wilson coefficients we follow the matching procedure
of [4], but treating F1 and F2 as non-perturbative functions. We expand these functions in
powers of q2/M2 and the spinors in p/M and p′/M . Comparing the result to the NRQED
calculation we find that for the leading term F1(0) gives the charge of ψ in units of e. In
particular, for our case we have F1(0) = 1. The 1/M terms give c2 = 1, confirming the result
above, and cF = F1(0)+F2(0) [4, 6]. F2(0) is the anomalous magnetic moment of the particle.
For a point particle, F2(0) = α/2π + O(α
2). The Wilson coefficients in (2) therefore depend
only on the charge and the anomalous magnetic moment of the spin-half particle.
If we ignore the external electromagnetic field, the equations of motion imply that up to
order 1/M
i
∂ψ
∂t
+
∇
2ψ
2M
= 0,
which is of course Schro¨dinger equation. In other words, the NRQED Lagrangian is related
to the Lagrangian formalism of non-relativistic quantum mechanics.
2.4 Construction of the 1/M 2 terms
Construction of the 1/M2 Lagrangian is also fairly easy. Since we can only have an even
number of iD’s we can have operators either with three iDt’s or one iDt and two iD’s. The
first gives a unique operator ψ†iD3tψ. This operator can be eliminated by a field redefinition
similar to the elimination of ψ†iD2tψ. For the second option we can have six operators that are,
suppressing the ψ† (ψ) before (after) each term, iDtiD
iiDj , iDtiD
jiDi, iDiiDjiDt, iD
jiDiiDt,
iDiiDtiD
j , iDjiDtiD
i.
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From the first four we can form Hermitian combinations by taking the sum and iσk times
the difference of each Hermitian conjugate pair. The former must be contracted with δij and
the latter with ǫijk. We get two Hermitian combinations,
δij
(
iDtiD
iiDj + iDjiDiiDt
)
= −
(
iDtD
2 +D2iDt
)
,
ǫijkiσk
(
iDtiD
iiDj − iDjiDiiDt
)
= ǫijkiσk
(
iDtiD
iiDj + iDiiDjiDt
)
=
=
1
2
ǫijkiσk
(
iDt
[
iDi, iDj
]
+
[
iDi, iDj
]
iDt
)
= − (iDteσ ·B + eσ ·BiDt) .
Both terms are of the form (iDtO +OiDt) and can be eliminated using a field redefinition.
We are left with the operators iDiiDtiD
j and iDjiDtiD
i. By commuting iDt to the
left or to the right we can write, for example, iDiiDtiD
j as [iDi, iDt]iD
j + iDtiD
iiDj or
iDi[iDt, iD
j] + iDiiDjiDt. We have already analyzed terms in which iDt is on the leftmost or
rightmost position. The commutator is proportional to the electric field E, so we can consider
operators constructed out of iDi and Ej instead of iDiiDtiD
j and iDjiDtiD
i.
From the operators iDi and Ej we can form two Hermitian combinations: σk (iDiEj + EjiDi)
and i[iDi, Ej]. Since iDiEj and EjiDi are T -odd, the σk must appear with symmetric combi-
nation. Contacting σk (iDiEj + EjiDi) with ǫijk and i[iDi, Ej] with δij we find two operators,
ǫijkσk
(
iDiEj + EjiDi
)
= ǫijkσk
(
iDiEj −EiiDj
)
= iσ · (D×E −E ×D) ,
δiji[iDi, Ej ] = −∂ ·E.
Allowing for arbitrary coefficients the NRQED Lagrangian up to order 1/M2 is
L = ψ†
{
iDt + c2
D2
2M
+ cF e
σ ·B
2M
+ cDe
[∂ ·E]
8M2
+ icSe
σ · (D×E −E ×D)
8M2
}
ψ+ · · · . (3)
The notation [∂ · E] denotes that the derivative is acting only on E and not on ψ. The
subscript D in cD stands for “Darwin” [10] and the subscript S in cS stands for “Seagull”
[1, 3]. For a classical electric field the Darwin term gives rise to the δ(r3) perturbation for the
hydrogen spectrum familiar from non-relativistic quantum mechanics. Similar to c2 above, cS
is determined from the (hidden) Lorentz invariance of the full Lagrangian, cS = 2cF − F1(0)
[4, 7, 6]. cD is determined in a similar way to cF , i.e. via matching. Performing the matching
at order 1/M2 gives cS = 2cF −F1(0), confirming the result above and cD = F1(0)+ 2F2(0) +
8M2F ′1(0), where F
′
1 = dF1(q
2)/dq2. F ′1(0) is related to the definition of the electric charge
radius of the spin-half particle.
At this order the operators appearing in the Lagrangian are of mass dimension six. As a
result we can write operators that couple four spin-half fields. There are two possible operators,
a spin-dependent and a spin-independent operator,
Lψχ =
d1
M2
ψ†σiψχ†σiχ+
d2
M2
ψ†ψχ†χ+ · · · . (4)
Here χ is another NRQED field which can be different5 from ψ. We follow the notation of
[6]. The notation for the coefficients follows that of [3]. In application of NRQED χ is often
5Other structures, e.g. ψ†χχ†ψ, can be related to (4) via Fierz-type identities, see e.g. [11].
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an electron or a muon. To determine the coefficients d1 and d2 one has to do a matching
calculation that is more involved than that of ci, see [5].
2.5 Order 1/M 3 and beyond
The formalism presented above can be extended to order 1/M3 [4] and 1/M4 [6]. The number
of operators starts to proliferate as we go to higher orders in 1/M . Thus we find for operators
of the form ψ† . . . ψ, seven terms at order 1/M3 [4], and twelve terms at order 1/M4 [6].
In constructing these terms it is more convenient to use both covariant derivatives and the
electric and magnetic fields as building blocks. Also, at higher orders one needs to apply new
constraints such as the homogenous Maxwell equations [∂ · B] = 0, and [∂tB + ∂ × E] =
0, see [6] for details. At order 1/M4 there are new contributions to Lψχ, and new pure
photonic operators that can be identified with the Euler-Heisenberg Lagrangian [6]. At order
1/M3 and higher one first encounters operators that only couple to two photons or more. To
determine the values of their Wilson coefficients requires the knowledge of the low energy limit
of Compton scattering, with real or virtual photons [6].
2.6 The relation between HQET and NRQED
As discussed in detail in [4], there is a close connection between Heavy Quark Effective Theory
(HQET) and Non-Relativistic QCD (NRQCD) Lagrangians. Replacing the gauge group by
U(1)EM give a similar relation to NRQED. We can thus take the QED Lagrangian and follow
a well-known procedure, see e.g. [12], to obtain
Lv = ψ¯v
(
iv ·D + i /D⊥
1
2M + iv ·D
i /D⊥
)
ψv,
where ψv(x) = e
iMv·x (1 + /v)ψ/2 and Dµ⊥ = D
µ − vµv ·D. If we take v = (1, 0, 0, 0) we have
iv ·D = iDt and D
µ
⊥ → D
i. Expanding up to order 1/M2 we obtain
Lv = ψ
†
v
(
iDt +
1
2M
γiγjiDiiDj −
1
4M2
γiγjiDiiDtiD
j + · · ·
)
ψv.
We recognize the same operators we have analyzed above. The anti commutator of γiγj is
proportional to δij, while (1 + /v) [γi, γj] (1 + /v) is proportional to ǫijkσk. With the help of a
field redefinition we can bring it to the form of (3) with the result c2 = cF = cD = cS = 1.
These are the tree level values, while the one-loop expressions can be found in [3, 4].
This gives a direct relation between the QED point-particle, HQET, and NRQED La-
grangians. Notice though that it is less general than the procedure described above that
applies also to a composite spin-half particle. In fact, already at order 1/M3 the expansion
of the point particle Lagrangian will not generate all the possible operators at this order6 [4].
Although the Lagrangians look the same, the power counting for each theory is different. In
particular the fermion propagators for HQET and NRQED are different, see [4] for details.
6In other words, some of the 1/M3 operators have zero Wilson coefficients at tree level.
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3 Sample application: Thomson scattering for a possi-
bly composite spin-half particle
As a sample application of NRQED, we calculate the Thomson scattering cross section of a
photon off a spin-half particle. The particle can be elementary or composite. The answer will
depend only on the mass and total charge of the particle. We are therefore calculating the low
photon energy limit of the cross section for ψ(p) + γ(q)→ ψ(p′) + γ(q′) at the rest frame of ψ
at the lowest order in 1/M . At this order we have p = p′ = (M, 0), q0 = q′0, and |q| = |q′|.
The lowest term in the Lagrangian (1) couples fermions and time-like photons. As a result,
it does not contribute to real photon scattering. At order 1/M we have two operators, see (2),
but only one of them couples to two real photons at order 1/M . We have
L ∋ ψ†
D2
2M
ψ =
1
2M
ψ†
(
∂
∂xi
− ieAi
)2
ψ ⇒ −
e2
2M
ψ†A ·Aψ ⇒ −
e2
2M
ψ¯γ0δijAiAjψ + · · · .
To simplify the presentation, we have reverted to the usual Dirac fields in the last step which
is justified at this order. The resulting Feynman rule is −2i
e2
2M
γ0δij . The amplitude is
M = −
e2
M
ǫ(q) · ǫ∗(q′) u¯(p)γ0u(p),
and the spin averaged amplitude is
|M|2 =
1
4
e4
M2
∑
pol.
|ǫ(q) · ǫ∗(q′)|2Tr
[
(/p+M) γ0 (/p+M) γ0
]
= 2e4
∑
pol.
|ǫ(q) · ǫ∗(q′)|2,
where we have used /p = Mγ0. For a real photon we have
∑
pol. ǫi(q)ǫ
∗
j(q) = δij − qˆiqˆj, where
qˆ = q/|q| [13]. We have
|M|2 = 2e4 (δij − qˆiqˆj)
(
δij − qˆ
′
i qˆ
′
j
)
= 2e4
[
1 + (qˆ · qˆ ′)
2
]
= 2e4
(
1 + cos2 θ
)
,
where θ is the angle between the incoming (q) and outgoing (q′) photon momenta, i.e. the
scattering angle. In the large M limit the spin averaged cross section is
dσ
dΩ
=
(
1
8πM
)2
|M|2 =
α2
2M2
(
1 + cos2 θ
)
.
The total cross section is
σ =
8π
3
( α
M
)2
,
which is of course the Thomson cross section [14]. This result applies for the low energy
limit of the scattering of a photon for any spin-half fermion with charge ±e, elementary or
composite.
We can easily calculate the higher order corrections in 1/M to the scattering by using
NRQED Feynman rules. In particular 1/M2 terms in the amplitude M arise from tree level
7
diagrams that involve two insertions of (2) and one insertion of (3). These results reproduce
the well known low-energy theorems of [15] and [16], but the derivation is much simpler. For
example, [16] carefully expands Green’s functions to obtain the amplitude. Using NRQED we
only need to calculate a few tree level Feynman diagrams. The final answer depends on the
Wilson coefficients7 cF and cS which depend in turn on F1(0) and F2(0), i.e. the charge and
magnetic moment of the spin-half particle. In fact, it is easy to reach this conclusion without
even doing any calculation, illustrating again the power of NRQED.
4 Conclusions
We have presented a pedagogical introduction to Non Relativistic QED (NRQED), the effective
field theory that describes the interaction of the electromagnetic fields with a non-relativistic
possibly composite spin-half particle. NRQED itself was first formulated as an effective field
theory 30 years ago, but its roots can be traced to the early days of quantum mechanics.
Traditionally NRQED has been applied to bound QED problems, but it can be applied to
problems that involve composite particles such as the proton and the neutron. Only fairly
recently such applications of NRQED were considered in the literature.
We have explicitly described how one derives the leading order term, the 1/M terms, and
the 1/M2 terms in the NRQED Lagrangian. The 1/M3 [4] and 1/M4 [6] terms in the NRQED
Lagrangian are also known, and can be derived in a similar way. We have also commented on
the relation between the NRQED and the HQET Lagrangians.
As a sample application, we have presented the derivation of the well-known Thomson
cross section. The result applies for the low energy scattering of a real photon on any charged
spin-half particle, composite or elementary. It is easy to derive 1/M power corrections to the
cross section by calculating higher power NRQED tree level diagrams.
Throughout this paper we have considered the parity and time-reversal even interaction
of a spin-half particle coupled to an abelian gauge field. Similar effective field theories can be
constructed for other particle spins, for non-abelian gauge symmetry (NRQCD), and for P
and T violating interactions.
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